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umulation of Miroswimmers due to Their Collisions with a Surfae
Guanglai Li and Jay X. Tang
Physis Department, Brown University, Providene RI 02912
In this letter we propose a kinemati model to show how ollisions with a surfae and rotational
Brownian motion give rise to the aumulation of miro-swimmers near a surfae. In this model, an
elongated miroswimmer invariably travels parallel to the surfae after hitting it from any inident
angle. It then swims away from the surfae after some time, failitated by rotational Brownian
motion. Simulations based on this model reprodue the density distributions measured for the
small bateria E. oli and Caulobater resentus, as well as for the muh larger bull spermatozoa
swimming in onnement.
Swimming aids the funtion and development of mi-
roorganisms in many ways. For example, it enhanes
the formation of biolms, whih provide favorable mi-
roenvironments for bateria to ope with environmental
stresses [1℄. Swimming also helps transport spermato-
zoa toward eggs for fertilization [2℄. Interestingly, the
number density of ells as a funtion of distane from a
surfae has been measured for E. oli [3℄ and bull sperma-
tozoa [4℄, showing in both ases values muh higher near
the surfae than far away. This near surfae aumula-
tion has mainly been attributed to a hydrodynami at-
tration between the ells and the surfae [4, 5℄. Reently,
Berke et al. [3℄ ombined the eets of the hydrodynami
attration and the translational Brownian motion of the
ells to predit the distribution of E. oli as a funtion of
distane. As noted by the authors [3℄, however, this in-
terpretation is not appliable to ells within 10 µm from
the surfae, where most aumulation ours.
In this letter we present a dierent aount for the near
surfae aumulation. We ignore the hydrodynami at-
tration but emphasize the role of the ollision with a
surfae at low Reynolds number and rotational Brown-
ian motion in a onned environment. We show that a
typial miroswimmer with an elongated shape will swim
parallel to a surfae after hitting it and therefore au-
mulate near the surfae. Rotational Brownian motion [6℄
then relaxes the aumulation by randomly hanging the
swimming diretion so that the ells have hanes to swim
away from the surfae. In the extreme ase of no rota-
tional Brownian motion, all the ells would end up swim-
ming in lose proximity with the surfae. In the oppo-
site extreme of very fast rotational Brownian motion, the
ells will quikly hange to any possible swimming di-
retion and subsequently would be found anywhere with
equal probability. In reality, a miroorganism randomly
hanges its swimming diretion with a nite rotational
diusion onstant, resulting in a distribution in between
the two extremes, that is, more ells stay near the surfae
and fewer far away.
We used the baterium C. resentus strain CB15
SB3860, whih is a CheR mutant of ∆pilin (YB375)
and swims forward exlusively, to examine the details
of near surfae swimming. Swarmer ells of this mu-
tant do not follow irular trajetories when swimming
near surfaes [7℄. The strains were synhronized with
the plate releasing method [7, 8℄ to obtain ultures with
primarily swimming ells. The synhronized ulture was
sealed between a glass slide and a overslip with vauum
grease for optial mirosopy observation. Broken ov-
erslip piees were used as spaers so that the thikness
of the mirosopy sample is ∼200 µm. A 20× objetive
(Nikon Plan Apo, NA 0.75) was used on a Nikon E800
mirosope to take 5 snap shots of swimming ells at 0.1
seond intervals under darkeld mode using a CoolSnap
CCD amera (Prineton Instruments) and MetaMorph
software (Universal Imaging). The objetive was foused
on planes 5, 15, 25 µm, et., away from the surfae and
the ell number distribution was measured following the
method of Berke et al. [3℄. We noted that although this
objetive has a 1.4 µm depth of eld, ells up to nearly 5
µm o the foal plane appeared as bright spots. There-
fore the measured ell density was an average over a ∼10
µm thik layer.
The swimming speed and the rotational diusion on-
stant were obtained from the videos taken for ells over
50 µm away from both surfaes. The average swimming
speed was ∼45 µm/s. The rotational diusion onstant
was measured from ∼200 swimming trajetories. The
swimming diretion at moment t was taken as the di-
retion from the position at t to the position at t + 0.1
s. With this denition the hange in diretion ∆ϕ over
time interval ∆t was obtained and the rotational diu-
sion onstant Dr was alulated to be 0.12 rad
2
/s, using
the equation < ∆ϕ2 >= 2Dr∆t.
With partiular interest we examined 3-D trajetories
as the ells approahed and swam near a surfae, until
they took o. To do so, we foused the objetive on
the top surfae and reorded the swimming trajetories.
Example trajetories are shown in Fig. 1a by overlaying
onseutive frames taken at the rate of 10 frames per
seond. The ell body appeared as a sharp bright spot
when it was in the foal plane and as a ring when it
was away. Wu et al. [9℄ found that the ring size was
proportional to the distane of the ell from the foal
plane and therefore an be alibrated to determine the
distane. Two examples of 3-D trajetories of the ells
1 and 2 in Fig. 1a are plotted in Figs. 1b and 1. Most
ells approahed the surfae at an angle and then swam
parallel to the surfae for some time before leaving. The
manner of C. resentus hitting a surfae is similar to
2(a)
(c)(b)
Figure 1: Trajetories of Caulobater swarmer ells swimming
near a glass surfae. (a) Overlay of onseutive darkeld im-
ages taken at 10 frames per seond. (b) and () are 3-D plots
(red) and projetions (blue) on the glass surfae of the traje-
tories of ells 1 and 2 in (a). Arrows indiate the swimming
diretions.
that of E. oli observed with three dimensional traking
mirosopy [10℄.
We analyzed the fore and torque on C. resentus
swimming near a surfae and found that it would invari-
abley swim parallel to the surfae shortly after hitting
the surfae. For purposes of the model, we approximate
the ell as a sphere attahed with a helial lament of
length L propelled by a longitudinal fore Fp. After the
ell hits the surfae at an angle θ, its veloity omponent
along the diretion normal to the surfae (y-axis Fig. 2a)
beomes zero. It will have a swimming speed Vx along
the x-axis and a rotation rate Ω along the z-axis (not
shown in the gure). We ignore the inrease in hydrody-
nami drag on the ell due to the nearby surfae [7, 11℄
and assume that the surfae only provides a fore Fs to
stop the swimming along the y-axis. The hydrodynami
drag fores on the whole ell (sphere plus helial lament)
are split into omponents parallel and perpendiular to
the long axis, F‖ and F⊥. The hydrodynami torque Γ
on the whole ell is depited with respet to the sphere
enter. The fores and torque are given by


F‖
F⊥
Γ

 =


−A11 0 0
0 −A22 A23
0 A32 −A33




V‖
V⊥
Ω


(1)
where V‖ = Vx cos θ and V⊥ = Vx sin θ are the speed
omponents along and perpendiular to the helial axis
and A is the frition matrix, where Aij > 0 and A23 =
A32.
At a low Reynolds number, the fore balane along x-
axis is Fp cos θ+F‖ cos θ+F⊥ sin θ = 0 and torque balane
along z-diretion is Γ = 0, whih together determine the
(a)
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Figure 2: (a) Fore and torque analysis of a forward swimming
ell hitting a surfae. (b) Required time (solid) for the ell to
beome parallel to the surfae and the rotation rate (dashed)
as funtion of angle θ.
swimming speed and rotation rate as
Vx =
A33 cos θ
A33(A11 cos2 θ +A22 sin
2 θ)−A2
23
sin2 θ
Fp (2)
Ω =
A23 sin θ cos θ
A33(A11 cos2 θ +A22 sin
2 θ)−A2
23
sin2 θ
Fp (3)
Sine A22A33 > A
2
23
, the denominator in the expressions
above are always positive. In the ase as shown in Fig. 2a,
Vx > 0 and Ω > 0. Therefore the ell swims toward the
right and the lament rotates toward the surfae.
We an estimate how fast the ell turns parallel to
the surfae during the ollision. Mathematially, the ell
would take an innitely long time to beome parallel to
the surfae, as alulated from Eq. 3. In pratie, how-
ever, sine the rotational Brownian motion of C. resen-
tus varies its orientation by 0.1 rad within less than 0.1
se, we estimate instead the time needed for the ell align-
ment with the surfae to fall under 0.1 rad. The parame-
ters for a typial C. resentus [7, 12℄ areA11 = 2.2×10−8
Nsm
−1
, A22 = 2.5 × 10−8 Nsm−1, A33 = 1.9 × 10−19
Nms, and A23 = 5.3× 10−14 Ns. The propulsive fore is
Fp = A11V ∼ 1 × 10−12 N, where V is the bulk swim-
ming speed. The rotation rate after hitting a surfae is
shown in Fig. 2b, whih reahes 9 rad/s at 55
◦
. If a ell
hits the surfae at an angle θ0, the time for it to beome
parallel is
∫ θ0
0.1
dθ/Ω (Fig. 2b). This is less than 0.2 s for a
typial angle of θ0 = 30
◦
, and less than 0.3 s for an angle
as large as 85
◦
. Therefore in the following disussion we
state in a pratial sense that a ell beomes parallel to
the surfae after the ollision.
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Figure 3: (a) Rod model of a miroswimmer near surfae.
The blak end represents that of the ell body and the gray
end the agellar lament. (b) An example of simulated dis-
tane h (red) and angle φ (blue) as funtions of time for the
miroswimmer, using the parameters of C. resentus. The
two surfaes are separated by 200 µm.
Now we examine how a swimming miroorganism takes
o after hitting a surfae. To further simplify the model,
we approximate the elongated swimmer propelled by a
longitudinal fore as a nonuniform rod (Fig. 3a). This
rod swims forward at speed V in the bulk uid. The rod
has a rotation enter at position O, whih is of a distane
L1 away from the head and L2 away from the tail. The
head has a larger drag per unit length than the tail does,
and thus L1 < L2. Due to the small size, the rod under-
goes onstant Brownian motion with a rotational diu-
sion onstant Dr and translational diusion onstant Dt.
Sine A11 ∼ A22, we ignore the angle dependene of Dt.
The hange in distane of the rotation enter to the
surfae y is determined by the translational Brown-
ian motion and the swimming diretion, whih is on-
stantly altered by the rotational Brownian motion. Over
a time interval ∆t, ∆y = V sinφ∆t + ζ
√
2Dt∆t, and
∆φ = ς
√
2Dr∆t, where ζ and ς are random numbers
with zero mean and unit variane. The translational
Brownian motion ontributes muh less than swimming
to the displaement for miroorganisms swimming at tens
of µm/s. When near the surfae, the hanges in distane
and angle are also restrited by the solid surfae to sat-
isfy y > L1 sin(−φ) when the head is loser to the surfae
and y > L2 sinφ when the tail is loser. Similar restri-
tions hold when a ell is near the top surfae. Knowing
Dt and Dr, we an trak the distane y and angle φ over
time. The distane of the head from the surfae h, whih
is what was measured in the experiments, is determined
by h = y+L1 sinφ. The probability distribution of a ell
at distane h is obtained by traking a ell swimming
between the two surfaes over 10
6
- 10
7
se.
We simulated the distane and angle of swimming C.
resentus between two glass surfaes separated by 200
µm. The ell was treated as a L = 6 µm rod, with a typ-
ial translational diusion onstant on the order of 0.1
µm2/s and the measured rotational diusion onstant of
0.12 rad
2
/s. The rotation enter was approximated at a
position where L1 = 0.3L. Fig. 3b shows examples of dis-
tane (red) and angle (blue) varying over time. The ell
hits the top and bottom surfaes repeatedly as it swims
between them. The simulated distane from the bottom
surfae was reorded every 0.1 seond and a histogram of
distanes was made using a bin size of 10 µm. The simu-
lated distribution is plotted in Fig. 4 (blue) and ompared
with the measured one for C. resentus (triangle). The
simulation learly shows higher densities near the sur-
faes, with the entire prole in exellent agreement with
the measurements.
This model is also appliable to the distribution of
E. oli and bull spermatozoa between two surfaes. We
took the ell number distribution of E. oli from refer-
ene [3℄ and that of bull spermatozoa from referene [4℄,
onverted them to probability density, and plotted them
in omparison with that of C. resentus in Fig. 4. E. oli
is similar in size to C. resentus and it is not surprising
that they have similar distributions. Bull spermatozoa
are ten times larger yet surprisingly the distribution is
similar to that of bateria. Nevertheless, this similarity
is atually predited by our model. To simulate for bull
spermatozoa, we treated it as a 60 µm long rod with
a translational diusion onstant on the order of 0.01
µm2/s and a rotational diusion onstant of Dr = 10
−4
rad
2
/s, whih is ∼1000 times smaller than that of C.
resentus. The simulation shows that the dierene in
distribution between the bull spermatozoa (red) and the
C. resentus (red) is so small that it annot be distin-
guished by the observations under the set onditions.
The distribution of swimming ells near a surfae an
be understood intuitively based on the variation of angle
due to rotational Brownian motion. One a ell hits a
surfae, the angle beomes zero and the ell swims par-
allel to the surfae for some time. The ell then swims
away from the surfae by hanging swimming diretion
due to rotational Brownian motion. Let us examine, for
instane, the time t1 and t2 needed for a ell to swim to
dierent distanes from the surfae, h1 < h2. Sine the
ell swims to distane h1 before reahing h2, t1 < t2 must
hold. Assuming the swimming diretion is only aeted
by rotational Brownian motion, the mean square angle
at time t is < φ2 >∼ 2Drt. Therefore, the loser a ell
swims near the surfae, the smaller the angle is. The per-
pendiular omponent of swimming speed Vy = V sinφ
is smaller when loser to the surfae. The dwell time of
a ell staying at a distane h is inversely proportional
to Vy and therefore the probability density is larger near
the surfae. Additional features of the distribution an
be understood based on this physial piture. When the
ell swims lose to the surfae after a ollision, φ ≪ 1.
The probability density is ∼ 1/φ, whih drops sharply
4Figure 4: Comparison between simulated density distribu-
tions at rotational diusion onstants 0.12 (blue) and 0.0001
(red) rad
2
/s and the measured distributions of C. resentus
(up triangle), E. oli (down triangle, ref [3℄), and bull sperma-
tozoa (square, ref [4℄). The separation between the two glass
surfaes is 200 µm. Inset ompares simulated distribution at
rotational diusion onstants of 10 (diamond), 1 (irle), 0.1
(triangle), and 0.0001 (square) rad
2
/s at a swimming speed of
50 µm/s, orresponding to rod lengths of ∼1.3,∼2.8, ∼6, and
∼60 µm, respetively. The dotted lines indiate the probabil-
ity density if there is no surfae aumulation.
with the inreasing angle and distane. This piture also
predits that a miroswimmer with a large rotational
diusion onstant leaves a surfae more rapidly after a
ollision and hene the aumulation near the surfae is
weaker, as shown forDr = 10 rad
2
/s in the inset of Fig. 4.
In this model we have ignored the hydrodynami in-
teration between the ell and the surfae. In reality,
the swimming ell generates a ow, whih interats with
the nearby surfae, reorienting and attrating the ell to-
wards the surfae. Berke et al. [3℄ alulated this eet
for bateria when the ell is >10 µm away from the sur-
fae. A simple estimation shows that this eet is small
ompared to rotational Brownian motion and swimming
when the ell is nearly parallel to the surfae. For ex-
ample, at a distane h = 10 µm and angle φ = 0.1 rad,
alulation based on their model yields a reorientation
rate of ∼0.01 rad/s and an attration speed of ∼1 µm/s,
while in 1 seond the rotational Brownian motion an re-
orient the ell by 0.4 rad on average and the omponent
of swimming speed normal to the surfae is on the order
of 10 µm/s. Therefore, the modiation to the distri-
bution due to the long range hydrodynami interation
is small when the distane is >10 µm. When a ell is
less than 1 µm from the surfae, the large hydrodynami
frition between the ell and surfae may keep the ells
near the surfae for a long time [11℄. The eet of this
extension of dwell time is not that dramati sine the
distribution is binned by 10 µm in distane. The hydro-
dynami interation in the range of 1 to 10 µm is yet to
be desribed theoretially. Its eet on distribution of
ells in this range, however, is expeted to be seondary
as evident by the good agreement between the simulation
results ignoring it and the experimental measurements.
In onlusion, we have demonstrated the eets of ol-
lision and rotational Brownian motion on swimming mi-
roorganisms near surfaes. The ollision with a surfae
resets the swimming diretion to be parallel to it and
the rotational Brownian motion then randomly alters
the swimming diretion, whih leads to the aumula-
tion. An exellent agreement is obtained between the
simulations based on this piture and the experimental
results. Reently, various artiial miroswimmers have
been developed [13, 14, 15℄, whih usually have an elon-
gated shape. Similar eet of the ollision and rotational
Brownian motion is expeted when they swim near a sur-
fae.
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